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CHARACTERIZING CIRCULAR COLOURING MIXING FOR
p
q < 4
RICHARD C. BREWSTER AND BENJAMIN MOORE
Abstract. Given a graph G, the k-mixing problem asks: Can one obtain all k-colourings
of G starting from one k-colouring f by changing the colour of only one vertex at a time,
while at each step maintaining a k-colouring? More generally, for a graph H , the H-mixing
problem asks: Can one obtain all homomorphisms G → H starting from one homomorphism
f by changing the image of only one vertex at a time, while at each step maintaining a
homomorphism G → H?
This paper focuses on a generalization of colourings, (p, q)-circular colourings, defined as a
homomorphism to the graph Gp,q. We show that when 2 <
p
q
< 4, a graph G is Gp,q-mixing
if and only if for any (p, q)-colouring f of G, and any cycle C of G, the winding number
of the cycle under the colouring equals a particular value (which intuitively corresponds to
having no wind). As a consequence we show that (p, q)-mixing is closed under a restricted
homomorphism called a fold. Using this, we deduce that (2k+1, k)-mixing is co-NP-complete
for all k ∈ N, and by similar ideas we show that if the circular chromatic number of a
connected graph G is 2k+1
k
, then G folds to C2k+1. We use the characterization to prove a
conjecture of Brewster and Noel, that the circular mixing number of bipartite graphs is 2.
Lastly, we give a polynomial time algorithm for (p, q)-mixing in planar graphs.
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1. Introduction
Combinatorial reconfiguration problems have received much attention in the recent litera-
ture [16, 18, 19]. They focus on moving between solutions of a combinatorial problem under
a prescribed set of reconfiguration steps.
A particularly well-studied example of combinatorial reconfiguration is colouring reconfigu-
ration [1, 2, 9, 12, 15]. Fix a positive integer k. The k-Recolouring problem takes as input
a graph G together with two k-colourings f , g and asks if there a sequence of k-colourings
of G, f = f0, f1, . . . , fl = g such that successive colourings in the sequence differ on a sin-
gle vertex. In the affirmative we say f reconfigures to g. Using a standard reconfiguration
framework, we define Col(G,Kk) to be the graph whose vertex set is the set of k-colourings
of G with two k-colourings c1, c2 adjacent if c1(v) 6= c2(v) for at most one vertex v ∈ V (G).
(This definition implies Col(G,Kk) is reflexive, i.e. has a loop on each vertex. For readers
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familiar with the exponential graph KGk , the reconfiguration graph Col(G,Kk) is then a span-
ning subgraph of the reflexive subgraph of KGk .) Clearly, f reconfigures to g precisely when
there is a path from f to g in Col(G,Kk). Cereceda, van den Heuvel, and Johnson [9] have
shown 3-Recolouring is polynomial time solvable. This is somewhat surprising given the
3-colouring problem itself is NP-complete. In comparison, Bonsma and Cereceda [2] showed
for all k ≥ 4, the k-Recolouring problem is PSPACE-complete.
In this paper we study a related reconfiguration problem. For a fixed k, the k-Mixing
problem takes a graph G as input and asks is Col(G,Kk) connected? If yes, we say G is
k-mixing. Cereceda, van den Heuvel and Johnson showed the 3-Mixing problem is co-NP-
complete [8]. They conjectured that the 4-Mixing problem is PSPACE-complete.
Our focus in this work is the mixing problem under circular colourings. We define circular
colourings via graph homomorphisms. Given graphs G and H, a homomorphism f from G
to H is a mapping f : V (G) → V (H) such that for any edge xy ∈ E(G), f(x)f(y) ∈ E(H).
We write f : G → H or simply G → H to indicate the existence of a homomorphism from
G to H. Owing to the fact that a k-colouring of G is a homomorphism G → Kk, in general
a homomorphism of G → H is called an H-colouring of G. Circular colourings are graph
homomorphisms to specific target graphs called circular cliques. Let p and q be positive
integers such that p/q ≥ 2. Define the graph Gp,q to have vertex set V (Gp,q) = {0, . . . , p− 1}
and edge set uv ∈ E(Gp,q) if and only if q ≤ |u − v| ≤ p − q. A graph G has a (p, q)-
(circular)-colouring if G→ Gp,q. Note that Gk,1 ∼= Kk and thus circular colourings generalize
k-colourings. Moreover, as Gp/q → Gp′/q′ if and only if p/q ≤ p
′/q′, circular colouring is a
refinement of classical vertex colouring. An important class of circular colourings for our work
is (2k + 1, k)-colourings. As G2k+1,k ∼= C2k+1, equivalently, we are studying C2k+1-colourings
or homomorphisms to odd cycles.
Now one can ask reconfiguration questions about H-colourings. See, for example, [3, 4,
17, 21, 22]. Given graphs G and H, the graph Col(G,H) has as vertices all homomorphisms
from G to H with two homomorphisms f and g adjacent if f(v) 6= g(v) for at most one vertex
v ∈ V (G). Our specific focus in this paper will be Col(G,Gp,q). Fix positive integers p, q
where pq ≥ 2. The Gp,q-Recolouring problem takes as input a graph G and two (p, q)-
colourings f, g and asks the question is there a path from f to g in Col(G,Gp,q)? In the
case of a yes instance we say f reconfigures to g. In [5] the following dichotomy result is
proved: for pq < 4, Gp,q-Recolouring is in P, and otherwise (
p
q ≥ 4), Gp,q-Recolouring is
PSPACE-complete.
Analogously to k-colouring, we study mixing for (p, q)-colourings. Formally, fix positive
integers p, q with pq ≥ 2. The Gp,q-Mixing problem takes as input a graph G and asks if
Col(G,Gp,q) is connected. If G is a yes instance to this problem, we say G is (p, q)-mixing.
In general, the work here and in [5] may be viewed as refinements of the 3-mixing and 3-
recolouring work in [7–9]. Interestingly, the techniques for recolouring [9] extend to 2 < pq < 4,
but the techniques for mixing [8] depend on the homomorphism target being two regular,
that is, an odd cycle. This paper focuses on the mixing problem for odd cycles with an eye
towards to entire interval 2 < pq < 4. Specifically, based on the Brewster et al. result [5] and
the Cereceda et al. result [8], the following trichotomy conjecture is natural.
Conjecture 1.1. If pq = 2, then Gp,q-Mixing is in P. If 2 <
p
q < 4, then Gp,q-Mixing is
co-NP-complete. If pq ≥ 4, then Gp,q-Mixing is PSPACE-complete.
Towards this, we prove:
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Theorem 1.2. The C2k+1-Mixing problem is co-NP-complete for all k ∈ Z
+.
To prove this theorem, we use a topological notion of cycles winding around a hole in Gp,q
to characterize (p, q)-mixing when pq < 4. Informally, we show that a graph G is (p, q)-mixing
if and only if all (p, q)-colourings of G assign a particular wind to each cycle of G. In Section 2
we will formally define the wind of a cycle C with respect to a (p, q)-colouring f , but for now
we will state the theorem without all of the definitions.
Theorem 1.3. Fix integers p, q ∈ Z such that 2 < pq < 4. A graph G is (p, q)-mixing if and
only if for every (p, q)-colouring f , and for every cycle C in G, the wind of C with respect to
f is |E(C)|2 .
It follows from this characterization, that to certify G is not (p, q)-mixing, we simply need
to exhibit a (p, q)-colouring and a cycle without the required winding number. Hence, we
have a concise NO-certificate and thus Gp,q-Mixing is in co-NP when 2 <
p
q < 4.
Given a graph G, determining if for every (p, q)-colouring and a every cycle C the wind
is |E(C)|2 is co-NP-complete, appears difficult. Hence, we focus on the special case of odd
cycles. Our strategy to prove Theorem 1.2 then is to use Theorem 1.3 to show that (p, q)-
mixing is closed under a certain restricted type of homomorphism called folding. (We defer
the definition of this to Section 4). Specifically, in the special case of C2k+1-colourings, we
get a concise characterization of C2k+1-mixing in terms of folding.
Theorem 1.4. Fix integers p, q such that 2 < pq < 4. Suppose a graph G folds to a graph
H. If H is not (p, q)-mixing, then G is not (p, q)-mixing. In particular, for p = 2q + 1, a
bipartite, connected graph G is (p, q)-mixing if and only if G does not fold to C4q+2.
This theorem implies a conjecture of Brewster and Noel [6] stating that for any bipartite
graph G, there exists a k ∈ N such that G is C2k+1-mixing. To finish the proof of Theorem 1.2,
we simply show that folding to C4q+2 is NP-complete. This is the same general outline used
by Cereceda et al. [8] for 3-mixing. We build on a theorem of Vikas [20] for this final step.
To unpack the above result, we see that folding to G2k+1,k × K2 (using the categorical
product) is the characterization for non-(2k+1, k)-mixing. A natural question is then how do
we extend this result to other circular cliques (with p/q < 4)? The characterization of (p, q)-
mixing cannot be simply the absence of a folding to Gp,q × K2 (which is sufficient to show
non-(p, q)-mixing). For example, consider (7, 2)-mixing. The cycle C6 is not (7, 2)-mixing and
so any graph folding to C6 is not (7, 2)-mixing. The Moser spindle times K2 is a bipartite
graph that is 3-mixing (a tedious but straight forward verification), but not (7, 2)-mixing
despite not folding to either C6 or G7,2 ×K2. Hence, characterizing non-(7, 2)-mixing along
the lines of Theorem 1.4 requires several minimal graphs. However, we believe that such a
characterization is possible and we make the following conjecture:
Conjecture 1.5. Fix integers p, q such that 2 < pq < 4. Then there is a finite family of
graphs Gp,q such that G is (p, q)-mixing if and only if G does not fold to a graph H ∈ Gp,q.
In the final section of the paper, we turn our attention to planar graphs and prove the
following result.
Theorem 1.6. Let G be a planar graph. Then (p, q)-mixing is in P when 2 < pq < 4.
The general outline of our algorithm is similar to the 3-mixing algorithm for planar graphs
in [8]. From Theorem 1.3, it suffices to consider bipartite graphs. We first show that if C2j
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is the smallest even cycle which is not (p, q)-mixing, and G is a planar bipartite graph with
no separating cycle of length C2i for i ∈ {2, . . . , j}, then G is (p, q)-mixing if and only if it
has two faces of length at least 2j. Then we show that given an arbitrary planar bipartite
graph, with the help of a technical lemma, we can always reduce to the case where there are
no small separating cycles.
2. Preliminaries and definitions
The launching point for our work is the polynomial time algorithm for Gp,q-Recolouring
(when 2 < pq < 4) given in [5]. It follows from a characterization describing when a colouring
f reconfigures to a colouring g based on cycle wind and so-called fixed vertices. The necessary
definition and the main theorem from [5] are given below.
Let G be a graph and let f be a (p, q)-colouring of G. Given an edge uv of G, define the
weight of uv under f asW (uv, f) = (f(v)−f(u)) (mod p). Note there is an implied direction
to uv here. Given a set of edges from G, S ⊆ E(G), we naturally extend the concept of weight
by
W (S, f) =
∑
uv∈S
W (uv, f).
Given a walk X = x0, x1, x2, . . . , xl in G, as a slight abuse of notation we write
W (X, f) =
l∑
i=1
((f(xi)− f(xi−1)) mod p).
In particular for a cycle of length l, C = c0, c1, . . . , cl−1, c0,
W (C, f) =
l∑
i=1
((f(ci)− f(ci−1)) mod p),
where index arithmetic is modulo l. For a cycle C, the sum telescopes and hence
W (C, f) = p · wf (C) for some integer wf (C).
We call wf (C) the wind of C under f . A fundamental result in [5] is that for p/q < 4, the
wind of a cycle cannot change under the (p, q)-recolouring process, i.e. if f reconfigures to g,
then wf (C) = wg(C) for all cycles C of G.
Given a (p, q)-colouring f of G, we will say a vertex v is fixed if for all (p, q)-colourings g
in the same connected component of Col(G,Gp,q) as f , we have g(v) = f(v). Now we can
state the characterization.
Theorem 2.1 ([5]). Fix p, q ∈ N such that 2 ≤ p/q < 4. Let G be a graph and let f, g be two
(p, q)-colourings of G. Then f reconfigures to g if and only if the following three conditions
are satisfied:
• For all vertices v ∈ V (G), if v is fixed under f , then v is fixed under g. Furthermore,
for all fixed vertices v, we have f(v) = g(v).
• For all cycles C, W (C, f) =W (C, g).
• For all paths P whose endpoints are fixed, W (P, f) =W (P, g).
It was shown in [5] that one can check the three conditions in Theorem 2.1 in polynomial
time. Thus the following is immediate.
Corollary 2.2. The Gp,q-Mixing problem is in co-NP when 2 ≤ p/q < 4.
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We complete this section with the characterization of fixed vertices under some colouring f .
Given a graph G and a (p, q)-colouring f , a vertex v ∈ V (G) is locked if all (p, q)-colourings g
which are adjacent to f in Col(G,Gp,q) satisfy f(v) = g(v). (That is, v cannot change colour
until some other vertex does first.)
Lemma 2.3 ([5]). Let 2 ≤ p/q < 4. Suppose G is a graph and f is a (p, q)-colouring
of G. Then a vertex v is locked if and only if there exist vertices u,w ∈ N(v) such that
W (uv, f) =W (vw, f) = q or W (uv, f) =W (vw, f) = p− q.
Corollary 2.4 ([5]). Let 2 ≤ p/q < 4. Given a graph G and a (p, q)-colouring f of G, suppose
that c0 is a fixed vertex under f . Then there exists a cycle C, V (C) = c0, c1, . . . , cl−1, c0 such
that W (cici+1, φ) = q for each i or W (cici+1, φ) = p − q for each i. Here the subscripts on
the vertices are taken modulo l.
It is clear that if a graph G admits a (p, q)-colouring f with a fixed vertices, then G is not
(p, q)-mixing (simply let g be the colouring obtained from f by adding one modulo p to the
colour of each each vertex). The above results show us that the existence of fixed vertices
require cycles with a particular wind. Consequently, the wind of cycles are the only criterion
we require to characterize mixing as shown in the next section.
3. Characterizing Mixing by Cycle Winds
In this section we characterize when a graph is (p, q)-mixing when 2 ≤ pq < 4. The case
when pq = 2 is trivial, as then Gp,q-Mixing is in P since a graph G is (p, q)-mixing if and only
if G has no edges.
Thus we will study the problem when 2 < p/q < 4. In Theorem 2.1, there are three
conditions required for f to reconfigure to g. We now show that when p/q < 4, testing if G
is (p, q)-mixing reduces to the single condition of checking the wind of cycles.
Lemma 3.1. Let 2 < p/q < 4 and G be a graph. The graph G is not (p, q)-mixing if and
only if there is a cycle C in G and two colourings f and g where W (C, f) 6=W (C, g).
Proof. If there are two colourings f and g where W (C, f) 6=W (C, g), then by Theorem 2.1 f
does not reconfigure to g and thus G is not (p, q)-mixing.
Now suppose G is not (p, q)-mixing. Suppose f and f ′ are in different components of
Col(G,Gp,q). If neither f or f
′ has fixed vertices, then by Theorem 2.1 there is a cycle C
such that W (C, f) 6=W (C, f ′). Therefore without loss of generality f has a fixed vertex. By
Corollary 2.4 we can find a cycle C = c0, c1, . . . cl−1, c0 such that W (cici+1, f) = q for all i or
W (cici+1, f) = p − q for all i. Assume the former holds (the other case is analogous). Thus
W (C, f) = q|E(C)|. Define a (p, q)-colouring g by g(v) = p− f(v) for all v ∈ V (G). This is a
(p, q)-colouring, since for any edge uv ∈ E(G), we have |g(v)− g(u)| = |p− f(v)− p+ f(u)| =
|f(u)− f(v)|. In particular W (cici+1, g) = p− q for all i. Therefore W (C, g) = (p− q)|E(C)|.
Since p/q 6= 2, W (C, g) 6=W (C, f). 
We now show that to certify a graph G is not (p, q)-mixing, we can reduce the requirement
above from finding two (p, q)-colourings of G with different wind on some cycle C to finding
just one (p, q)-colouring f and a cycle C without the specified wind wf (C) = |E(C)|/2.
Theorem 3.2. Fix 2 < pq < 4 and let G be a graph. Then G is not (p, q)-mixing if and only
if there exists a (p, q)-colouring f of G and a cycle C in G where W (C, f) 6= |E(C)|2 p.
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Proof. If G is not (p, q)-mixing, then by Lemma 3.1 there exist (p, q)-colourings f and g, and
a cycle C such that W (C, f) 6= W (C, g). Then at most one of W (C, f) or W (C, g) equals
|E(C)|
2 p, so the result follows.
Conversely, assume that we have a (p, q)-colouring f and cycle C = c0, c1, . . . , cl, c0 where
W (C, f) 6= |E(C)|2 p. Consider the (p, q)-colouring g where g(v) = p − f(v) for all v ∈ V (G).
Then W (cici+1, g) = p−W (cici+1, f). Thus W (C, g) = |E(C)|p−W (C, f). Since W (C, f) 6=
|E(C)|
2 p, we have W (C, g) 6=W (C, f) and thus G is not (p, q)-mixing. 
The above lemma highlights a key difference between the Gp,q-Recolouring problem and
the Gp,q-Mixing problem when 2 < p/q < 4. Fixed vertices play a fundamental role in
Theorem 2.1, whereas they can, in some sense, be ignored for (p, q)-mixing, as the existence
of a fixed vertex implies the existence of a cycle without wind |E(C)|2 .
It follows from Theorem 3.2 that if a graph G is (p, q)-mixing, then G is bipartite. This
observation had already been made in [6]. In fact, they proved a stronger statement which
we need some definitions to state. Define the circular mixing number as
mc(G) = inf{p/q | G is Gp,q -mixing}.
Let ω(G) be the clique number of G, that is the number of vertices in the largest clique of G.
They prove the following.
Theorem 3.3 ([6]). Let G be a non-bipartite graph. Then mc(G) ≥ max{4, ω(G) + 1}.
As we are interested in (p, q)-mixing when pq < 4, we will restrict our attention to bipartite
graphs from now on.
Let f be a (p, q)-colouring of G. For any cycle C of G, if W (C, f) 6= |E(C)|2 p, then we
say that C is wrapped with respect to f . To explain this choice of terminology, suppose
we have a cycle C = c0, c1, . . . , cn. Define f by f(ci) = 0 for i even and f(ci) = q for
i odd. As W (C, f) = |E(C)|2 p, if we have a colouring g such that W (C, g) =
|E(C)|
2 p, by
Theorem 2.1, f reconfigures to g (It is easily seen there are no fixed vertices.) In particular,
any homomorphism of C to a single edge of Gp,q will reconfigure to g, which intuitively means
we can think of g as not mapping C around any cycle in Gp,q . Conversely consider the case
W (C, f) 6= |E(C)|2 p. The image f(C) cannot be recoloured to a single edge of Gp,q, and thus
must always include a cycle. By Theorem 3.3 even cycles may or may not be wrapped but
odd cycles are always wrapped.
The last winding number result we need is given a wrapped cycle that is the sum of two
other cycles, then one of the two cycles is also wrapped. Consequently, given a wrapped cycle,
we can find a chordless cycle that is wrapped.
Lemma 3.4. Let G be a graph and f a (p, q)-colouring of G. Let C = c0, c1, . . . , cl, c0
be a cycle which is wrapped under f . Let P = p0, p1, . . . , pk be a path whose endpoints
lie on C, i.e. p0 = cs and pk = ct, and whose internal vertices do not lie on C. Then
either C ′ = cs, cs+1, . . . , ct−1, ct, pk−1, . . . , p1, cs or C
′′ = cs, p1, . . . , pk−1, ct, ct+1, . . . , cs−1, cs
is wrapped with respect to f .
Proof. ObserveW (C ′, f)+W (C ′′, f) =W (C, f)+kp. Since |E(C ′)| = t−s+k and |E(C ′′)| =
l−t+s+k, if neither is wrapped, thenW (C ′, ψ)+W (C ′′, ψ) = (t−s+k)p/2+(l−t+s+k)p/2 =
lp/2 + kp. This implies W (C,ψ) = lp/2, i.e. C is not wrapped. The result follows. 
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4. Mixing and the folding operation
Let G,G′ be graphs where G→ G′. In general, the question of whether G is (p, q)-mixing
is independent of whether G′ is (p, q)-mixing. In this section we define a special type of
homomorphism called folding. Under folding when 2 < p/q < 4, if G is (p, q)-mixing, then G′
is also (p, q)-mixing. (Under a related but more strict notion, the condition 2 < p/q < 4 can
be dropped, see in [6].) The characterization of C2k+1-mixing is given in terms of folding.
4.1. Mixing is closed under folding. For vertices x and y, let d(x, y) denote the distance
from x to y. Given a graph G, and two vertices x and y such that d(x, y) = 2, let Gxy be
the graph obtained by identifying x and y and call the new vertex vxy. The homomorphism
f : G → Gxy defined by f(x) = f(y) = vxy and f(u) = u for u 6∈ {x, y} is an elementary
fold. We say a graph G folds to a graph H if there is a homomorphism f : G → H where f
is composition of elementary folds and f(G) is isomorphic to H. We call such a mapping a
folding. For brevity, we may refer to an elementary fold as just a fold.
In this section we first show that if a graph G folds to a graph H, and H is not (p, q)-mixing
for p/q < 4, then G is not (p, q)-mixing. Then we restrict to C2k+1-colourings. We give a
complete characterization of C2k+1-mixing in terms of folds.
Lemma 4.1. Let H be a graph which is not (p, q)-mixing where p/q < 4. If G folds to H,
then G is not (p, q)-mixing.
Proof. It suffices to prove the statement for a single elementary fold. Suppose f : G → Gxy
is an elementary fold and Gxy is not (p, q)-mixing. Then by Theorem 3.2 there is a (p, q)-
colouring of Gxy, ψ, and a cycle C = v0, v1, . . . , vt, v0 such that C is wrapped under ψ. The
homomorphism ψ′ = ψ ◦ f is a (p, q)-colouring of G. We will show there is a cycle C ′ in G
that is wrapped under ψ′.
Let vxy be the vertex formed by the identification of x and y under f . If vxy 6∈ V (C), then
C is a cycle of G and is wrapped under ψ′ as ψ = ψ′ on C.
Thus assume without loss of generality vxy = v1. In G, if either v0, v2 ∈ N(x) or
v0, v2 ∈ N(y), then with a slight abuse of notation C belongs to G and is wrapped un-
der ψ′. Otherwise, consider a common neighbour of x and y, say a. By Lemma 3.4, we
may assume C is an induced cycle of Gxy which implies (without loss of generality) the cycle
C ′ : v0, x, a, y, v2, v3, . . . , vt, v0 is a cycle of G. Since ψ
′(x) = ψ′(y) = ψ(vxy) we have
W (C ′, ψ′) =W (C,ψ) +W (xa, ψ′) +W (ay, ψ′)
=W (C,ψ) + p
6=
|E(C)|
2
p+ p
=
|E(C ′)|
2
p.
The result follows. 
4.2. Odd Cycle Mixing and Folds. In this subsection we characterize odd cycle mixing in
terms of folds. In particular, we show that for bipartite graphs G, G is C2k+1-mixing if and
only if G does not fold to C4k+2.
First we determine when a cycle is C2k+1-mixing.
Observation 4.2 ([6]). The graph C4 is (p, q)-mixing for all p/q > 2.
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Proposition 4.3 ([6]). For r ≥ 3, the even cycle C2r is C2k+1-mixing for all r ≤ 2k.
Observation 4.4. The even (respectively odd) cycle C2k (C2k−1) folds to all even (odd)
cycles C2k′ (C2k′−1) for 2 ≤ k
′ ≤ k.
Proof. Suppose the cycle is v0, v1, v2, v3, . . . , vt, v0. Identify v0 and v2, and then v1 and v3.
The result is a cycle with two fewer vertices, and so by induction the result follows. 
Combining these results we obtain the following.
Observation 4.5. Fix an integer k ≥ 1. Then C2n is C2k+1-mixing if and only if n < 2k+1.
Proof. If n = 2, then the result follows from Observation 4.2.
For n > 2, one direction follows immediately from Proposition 4.3. To see the converse, let
C4k+2 = c0, . . . , c4k+1, c0. The C2k+1-colouring f(ci) = ik mod p fixes all vertices. Therefore
C4k+2 is not C2k+1-mixing. Now the result follows from Observation 4.4 and Lemma 4.1. 
The above observation tells that C4k+2 is the minimal even cycle which is not C2k+1-mixing.
It turns out, C4k+2 is the smallest bipartite graph which is not C2k+1-mixing.
Theorem 4.6. A connected bipartite graph G is not C2k+1-mixing if and only if G folds to
C4k+2.
Proof. If G folds to C4k+2, then the claim follows from Lemma 4.1 and Observation 4.5.
To prove the converse, suppose G is a minimal counter-example. That is, G is not C2k+1-
mixing, but does not fold to C4k+2. By Theorem 3.2, we may assume there is a C2k+1-colouring
ψ of G and C a cycle of G that is wrapped under ψ. By Observations 4.4 and 4.5 we may
assume that G is not a cycle.
First, if there exist three consecutive vertices x, y, z ∈ V (C) such that ψ(x) = ψ(z), then
xz 6∈ E(G) and we fold x and z to create the vertex vxz. Call the resulting graph Gxz and
the resulting cycle C ′. The map ψ induces a colouring ψ′ : Gxz → C2k+1 by
ψ′(w) =
{
ψ(x) if w = vxz
ψ(w) otherwise
Observe W (C ′, ψ) =W (C,ψ)− p and E(C ′) = E(C)− 2. It follows C ′ is wrapped under ψ′.
Hence, Gxz folds to C4k+2 and thus G folds to C4k+2, a contradiction.
Assume three such vertices do not exist. Since G is connected, but not a cycle, there is
a vertex a adjacent to a vertex, say y, in C. Let x and z be the neighbours of y in C.
As ψ(x) 6= ψ(z) and ψ(y) has degree 2 in C2k+1, it follows that without loss of generality,
ψ(a) = ψ(x). We now fold a to x to form Gax. The cycle C is (still) wrapped under the
C2k+1-colouring of Gax induced by ψ. Consequently Gax is not C2k+1-mixing. Hence, Gax
folds to C4k+2 and thus G folds to C4k+2, a contradiction. 
Note that the folding operation cannot reduce the number of connected components in a
graph. (Vertices from different components cannot be identified.) Since a graph is C2k+1-
mixing if and only if each connected component is C2k+1-mixing, we can remove the connected
condition in the theorem and simply require that at least one component folds to C4k+2.
The above theorem reduces the C2k+1-Mixing problem to the problem of folding bipartite
graphs to C4k+2. In the following subsection we prove this is an NP-complete problem.
We complete this subsection with a generalization of a theorem of Cook and Evans.
Theorem 4.7 ([10]). Let G be a connected graph. If χ(G) = k, then G folds to Kk. Further-
more, any graph that folds to Kk is k-colourable.
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Observe the proof of Theorem 4.6 shows if G admits a C2k+1-colouring ψ and contains a
wrapped cycle C under ψ, then G folds to a cycle C ′. When G is bipartite, C ′ must have
length at least 4k + 2 (as this is the shortest even cycle that can be wrapped around C2k+1).
If we remove the bipartite condition, then G must have a wrapped cycle under ψ. Following
the same proof as above we can show G folds to C ′ and C ′ has length at least 2k + 1.
Lemma 4.8. Let k ≥ 1 be an integer. Suppose G is a connected non-bipartite graph that is
not C2k+1-mixing and has a C2k+1-colouring. Then G folds to C2k+1.
Recall the circular chromatic number of a graph G is defined as χc(G) := inf{
p
q | G →
Gp,q}. It is well known that the infimum is attained (see for instance [24]).
Corollary 4.9. Let G be a connected graph. If χc(G) =
2k+1
k , then G folds to C2k+1.
Furthermore, any graph which folds to C2k+1 is C2k+1-colourable.
Proof. Suppose χc(G) =
2k+1
k . Theorem 3.3 says G is not C2k+1-mixing. By Lemma 4.8, G
folds to C2k+1. To see the second claim, observe that elementary folds are homomorphisms
and homomorphisms compose. 
One might conjecture that if χc(G) =
p
q , and G is connected, then G folds to Gp,q. Unfor-
tunately, this is not the case, due to a theorem of Zhu [23].
Theorem 4.10 ([23]). Fix integers p, q such that p 6= 2q + 1 and q 6= 1. Then there exists a
graph G such that G is a strict subgraph of Gp,q, and χc(G) =
p
q .
As a strict subgraph of Gp,q cannot possibly fold to Gp,q we see that the natural conjecture
is false. We finish this subsection by showing that the folding characterization can be used to
prove a conjecture of Brewster and Noel, that the circular mixing number of bipartite graphs
is 2.
Lemma 4.11. For every connected bipartite graph G, there exists a k0 such that for every
k ≥ k0, G is C2k+1-mixing.
Proof. Let C be a largest cycle in G. Pick k0 such that 4k0 + 2 > |V (C)|. By Lemma 4.6 we
know that G is C2k+1-mixing if and only if G folds to C4k+2. Since a fold can only reduce the
size of a cycle, as k ≥ k0, the graph G cannot fold to C4k+2. Therefore G is C2k+1-mixing. 
Note that the choice of k0 given in the above proof is tight, and can be seen by considering
C4k+2. Since
2k+1
k tends to 2 as k approaches infinity, we have:
Corollary 4.12. If G is bipartite, then mc(G) = 2.
Combining this with Theorem 3.3 we conclude:
Theorem 4.13. If G is bipartite, then mc(G) = 2. Otherwise, mc(G) ≥ max {4, ω(G) + 1}.
4.3. Showing that odd cycle mixing is co-NP-complete. In this subsection we show
the problem of determining whether an input graph G folds to the cycle C2k, denoted as
the C2k-Folding problem, is NP-complete. For our reduction we require two additional
homomorphism problems.
Definition 4.14. Let G be a graph and H an induced subgraph of G. A retraction of G to
H is a homomorphism r : G → H such that r(h) = h for every vertex h ∈ V (H). If there
exists a retraction of G to H, we say G retracts to H.
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The H-Retraction problem takes as input a graph G containing a labelled subgraph
isomorphic to H. It asks if there is a retraction of G to the copy of H in G. We will give a
reduction from C2k-Retraction, which is known to be NP-complete for all k ≥ 3 (proven
independently by Feder, and Dukes, Emerson, and MacGillivray, see [20] and [11]), to the
C2k-Folding problem.
An easy observation is that for connected graphs, a retraction is a fold. (Consider a vertex
v at distance one from H. The image of v under the retraction is at distance two from v.)
Thus we have the following.
Observation 4.15 ([13, 14]). Let G be a connected graph, and H an induced subgraph of
G. If G retracts to H, then G folds to H.
We also require a theorem of Vikas [20] relating retractions and compactions.
Definition 4.16. A compaction of G to H is a homomorphism G → H that is onto V (H)
and onto all non-loops of E(H). We say G compacts to H.
The problem H-Compaction takes an input graph G and asks if there is a compaction of
G to H. It is easy to see for graphs without isolated vertices, a homomorphism that is edge
surjective is also vertex surjective. Additionally for irreflexive graphs the homomorphism
f : G→ H is a compaction if and only if f(G) = H.
Observation 4.17. Suppose G and H are irreflexive graphs. Let f : G → H be a folding.
Then f is a compaction of G to H.
Proof. By definition of a folding, f(G) = H making f both vertex and edge surjective. 
In the proof that C2k-compaction is NP-complete for all k ≥ 3, Vikas proves the following:
Theorem 4.18 ([20]). Let G be a graph with an induced C2k, k ≥ 3, of G. Then there is a
graph G′ such that the following are equivalent:
• G retracts to C2k,
• G′ retracts to C2k,
• G′ compacts to C2k.
We note two comments about the above theorem. First, the graph G′ in the above theorem
depends on the value of k. Secondly, using the following observation, we may restrict our
attention in the C2k-Retraction problem to connected graphs G.
Observation 4.19. Let G be a graph containing a labelled copy of C2k as an induced sub-
graph of G. Then G retracts to the copy of C2k if and only if the connected component
containing C2k retracts to C2k and all connected components are bipartite.
Proof. The necessary condition is obvious. Conversely, mapping all connected components
not containing C2k to an edge of C2k (which is possible since they are bipartite) and using the
retraction of the connected component containing C2k gives a retraction of G to the labelled
copy of C2k. 
In Vikas’s proof of Theorem 4.18, the graph G′ is constructed from G by adding paths
(whose lengths depend on k). Thus if G is connected, then we can conclude G′ is connected
as well. Further, the construction will produce a bipartite graph G′ when G is bipartite.
Therefore we can strengthen Vikas’s result to the following:
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Theorem 4.20. Let G be a connected graph C2k, k ≥ 3, an induced subgraph of G. Then
there is a connected graph G′ such that the following are equivalent:
• G retracts to C2k,
• G′ retracts to C2k,
• G′ folds to C2k,
• G′ compacts to C2k.
Proof. First assume G′ retracts to C2k. By Observation 4.15, since G
′ retracts to C2k, and G
′
is connected, G′ folds to C2k. Now assume that G
′ folds to C2k. Then by Observation 4.17,
G′ compacts to C2k. By Theorem 4.18, the result follows. 
We now prove our main result for this section:
Theorem 4.21. For a fixed k ≥ 1, C2k+1-Mixing is co-NP-complete.
Proof. Let G be an instance of C4k+2-Retraction. Then we may assume G is bipartite.
Further by Observation 4.19, we may assume G is connected. By Theorem 4.20, there is a
connected, bipartite graph G′ that folds to C4k+2 if and only if G retracts to C4k+2. Thus by
Theorem 4.6 we have G′ is no instance of C4k+2-Mixing if and only if G is a yes instance of
C4k+2-Retraction. The result follows. 
We finish with a note about C2n-mixing. Trivially, C2n-mixing is in P since Col(G,C2n) is
always disconnected (provided |E(G)| ≥ 1 . However, one can ask if Col(G,C2n) has exactly
two components. In that case, using arguments similar to those above (accounting for parity
at each step) we see that determining if Col(G,C2n) has two components is co-NP-complete
for all n > 2. We require n > 2, as C4 is the only cycle for which winding numbers are not
an invariant of recolouring.
5. (p, q)-mixing in Planar Graphs
Now we turn our attention to (p, q)-mixing in planar graphs. In [8], Cereceda et al. showed
that there is a polynomial time algorithm to determine if a graph is 3-mixing when restricted
to planar (bipartite) graphs. Here we extend the result by giving a polynomial time algorithm
for determining if a bipartite planar graph is (p, q)-mixing for 2 < pq < 4.
The polynomial algorithm will follow from the proof of the following structural result which
is the the focus of this section.
Theorem 5.1. Fix 2 < pq < 4. Let C2k be the minimal non-(p, q)-mixing even cycle. Let G
be a 2-connected bipartite planar graph with no separating C2i-cycles for i ∈ {2, . . . , k − 1}.
Then G is (p, q)-mixing if and only if for every planar embedding of G, G has at most one
facial cycle with length strictly greater than 2k.
Our first point of order is to show that we can compute the minimal even cycle which is
not (p, q)-mixing in fixed time.
Observation 5.2. Fix integers p and q such that 2 < pq < 4. If p is even, then for all even
integers j ≥ p, Cj is not (p, q)-mixing. If p is odd, then for all even j ≥ 2p, C2p is not
(p, q)-mixing.
Proof. First assume that p is even. Let Cp = c0, . . . , cp−1, c0 and consider the (p, q)-colouring
f(ci) = iq mod p. Then W (C, f) = qp <
p
2p as
p
q > 2. Hence Cp is not (p, q)-mixing. It
follows by Lemma 4.1 that when p is even, for all even j > p, C2j is not (p, q)-mixing.
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Now assume that p is odd. Let C2p = c0, . . . , c2p−1, c0. For i ∈ {0, . . . , p− 1}, colour ci and
ci+p with iq mod p. Again, W (C, f) = 2qp < p
2, and thus C2p is not (p, q)-mixing. Hence,
for all even j ≥ 2p, Cj is not (p, q)-mixing. 
It follows that we can compute the minimal even cycle which is not (p, q)-mixing in fixed
time (for fixed p and q), as we only have a finite number of cycles which we need to check.
We can check if a single cycle is (p, q)-mixing in fixed time.
Now we reduce to 2-connected graphs. Recall that a block of a graph is a maximal 2-
connected component.
Observation 5.3. Fix integers p and q such that 2 < pq < 4. Let G be a graph with a
(p, q)-colouring. Then G is (p, q)-mixing if and only if every block of G is (p, q)-mixing.
Proof. Suppose that a block B of G is not (p, q)-mixing. Then there is a (p, q)-colouring f
of B such that there is a cycle C which is wrapped with respect to f . Observe that we can
extend f to a (p, q)-colouring of G by taking (p, q)-colourings of each block (which exist as G
has a (p, q)-colouring), and permuting colours if necessary.
Conversely, suppose that G is not (p, q)-mixing. Then there is a (p, q)-colouring f such
that there is a cycle C which is wrapped with respect to f . As a cycle is 2-connected, C lies
in some block B. Then f restricted to B is a (p, q)-colouring which has a wrapped cycle, and
hence B is not (p, q)-mixing. 
Therefore, we will always assume all graphs are 2-connected. Recall that if a planar graph
is 2-connected, then every face is bounded by a cycle. We record an obvious fact which simply
says that folding preserves planarity.
Observation 5.4. Let G be a planar graph, let x, y, z be consecutive vertices on a face, and
suppose that d(x, z) = 2. Then the graph obtained by folding x and z is planar.
One can see this by simply adding the edge xz inside the face and then contracting the
edge. The next lemma is well known, and a similar lemma appears in [8]. We provide a proof
for completeness.
Lemma 5.5. Let G be a connected bipartite graph, and let P be a shortest path from x to y
in G. Then G retracts to P .
Proof. Let x = v1, . . . , vt = y be a shortest (x, y)-path. Starting with i = 1 and increasing
incrementally, perform a sequence of elementary folds for all vertices v with d(x, v) = i to vi,
i ∈ {1, . . . , t}. Then fold the remaining vertices onto the path to either vt−1 or vt based on
the parity of their distance to x, in order of increasing distance from x. As G is bipartite,
vertices distance i from x are non-adjacent. Further, as we folded to a shortest path, the
image obtained from these folds is the shortest path, and as we never folded any of v1, . . . , vt
together, this map is a retraction. 
Let G be a connected graph and C be a cycle in G. We say C is separating if G − C is
disconnected. Given a plane embedding of a graph G, and a cycle C, we let the interior of
C, denoted Gint, be the graph induced by the vertices on the interior of C with the inclusion
of the cycle C. Analogously define the exterior of C, denoted Gext. For ease, we will say a
≥ k-face is a face whose boundary has at least k edges.
Lemma 5.6. Fix 2 < pq < 4. Let C2k be the minimal even cycle which is not (p, q)-mixing.
Let G be a 2-connected planar bipartite graph. If G has a planar embedding which has at most
one ≥ 2k-face, then G is (p, q)-mixing.
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Proof. Let G be an edge minimal counterexample to the claim. If G is isomorphic to a cycle,
then the claim holds as the cycle has length strictly less than 2k. Thus we assume that G is
not isomorphic to a cycle.
Now, fix an arbitrary plane embedding of G. If one exists, let f be the ≥ 2k face, otherwise
let f be an arbitrary face, and let C = v0, . . . , vt−1, v0 be the facial cycle of f .
Claim 5.7. There exists a face f ′, where f ′ has a facial cycle C ′ such that V (C ′) ∩ V (C)
induces a path of length at least 1.
Proof. Pick an arbitrary edge e = vjvj+1 ∈ E(C). Let f
′ and f be the two distinct faces whose
boundaries contain e. Let C ′ be the facial cycle of f ′. We may assume that V (C ′) ∩ V (C)
does not induce a path. Let P be the component of G[V (C ′)∩ V (C)] containing vj . Observe
that P is a path, and let v be an endpoint of P . Let Q be the path in C ′ starting at v and
ending at a vertex u ∈ V (C) such that V (Q) ∩ V (P ) = {v}, and all internal vertices of Q
are not in V (C). Let P ′ be the path from v to u in C such that V (P ′) ∩ V (P ) = {v}. Then
P ′ ∪ Q is a cycle, say C ′′. If C ′′ is a facial cycle, then V (C ′′) ∩ V (C) = V (P ′) and we are
done. Otherwise, C ′′ is a separating cycle. Without loss of generality, we can assume that
the interior of C ′′ does not contain all of P , and repeat the above argument on the interior
of C ′′, starting with some edge on C in the interior of C ′′. As the graph is finite, we find a
face f ′ whose intersection with f is exactly a path of length at least one. This completes the
proof of the claim. 
Now, up to relabelling let e = v1v2 be on the boundary of a face f
′, with facial cycle C ′ such
that V (C ′)∩ V (C) induces a path. Let S = G[V (C ′)∩ V (C)], let v′ and v′′ be the endpoints
of S, and let S′ be the set of internal vertices. Consider G′ := G− S′− {e}. (The deletion of
e is only required when S′ = ∅.) Notice as all of the vertices of S are on the boundary of f ,
we do not create two ≥ 2k faces. We have two cases to consider.
First suppose G′ is 2-connected. Then since G is an edge minimal counterexample, G′ is
(p, q)-mixing. Now consider any (p, q)-colouring φ of G. Observe that φ restricts to a (p, q)-
colouring of G′. As G′ is (p, q)-mixing, for all cycles D in G′, we have W (D,φ) = |E(D)|2 p.
Thus by Lemma 3.4, it suffices to show that the winds of C ′ and C are |E(C
′)|
2 and
|E(C)|
2
respectively. As |E(C ′)| < 2k, we have W (C ′, φ) = |E(C
′)|
2 p. So it suffices to show that
W (C,φ) = |E(C)|2 p. To see this, consider the cycle C
′′ := C∆C ′. Then since W (C ′′, φ) =
|E(C′′)|
2 p and W (C
′, φ) = |E(C
′)|
2 p, by Lemma 3.4 it follows that W (C,φ) =
|E(C)|
2 p.
Otherwise, G′ has a cut vertex v. We are going to argue that this cannot occur. Let
T1, T2, . . . , Tt be the components of G
′ − v. We claim that t = 2. As v is a cut vertex, by
definition t ≥ 2. Observe by planarity, all vertices in S′ have degree 2 in G. Adding the path
S to G′ joins at most two of the components in G′ − v. Therefore if t ≥ 3, G contains a cut
vertex, a contradiction.
Thus we can decompose G′ into two graphs G1 and G2, such that V (G1) ∩ V (G2) = {v},
both G1 and G2 contain at least two vertices, and up to relabelling, v
′ ∈ V (G1), v
′′ ∈ V (G2).
First suppose that v = v′. Then as G′ is simply G with S′ and e deleted, there is a vertex
x ∈ V (G1) \ {v
′} such that every path from x to v′′ contains v′. But this implies that G is
not 2-connected, a contradiction. By a similar argument, we can assume that v 6= v′′.
Now we can conclude that all paths from v′ to v′′ in G′ must have v as an internal vertex.
In particular, the path from v′′ to v′ in C − S′−{e} must contain v. We conclude v ∈ V (C).
The planar embedding of G can be chosen so that f ′ is the outer face. The boundary of f ′
14 BREWSTER AND MOORE
contains a path from v′ to v′′ that does not use S′∪{e}. In particular, this path must contain
v. We conclude v ∈ V (C)∩V (C ′) contrary to our assumption that V (C)∩ V (C ′) is the path
S which establishes the lemma. 
Now we prove a partial converse, under the assumption that we have no small separating
cycles. We will need the following definition. Given a graph G with a fixed planar embedding,
we call a cycle C in G f -separating if the face f lies in the interior C and either C is a
separating cycle or C is the boundary cycle for the outerface of G.
Lemma 5.8. Fix 2 < pq < 4. Let C2k be the smallest even cycle which is not (p, q)-mixing. Let
G be a 2-connected planar bipartite graph with no separating C2i-cycle for all i ∈ {2, . . . , k−1}.
If G has a planar embedding with at least two ≥ 2k-faces, then G is not (p, q)-mixing.
Proof. Let f, fo be two ≥ 2k-faces, and suppose that the boundaries of f and fo are C, and
C ′, respectively. Without loss of generality, we may suppose that fo is the outer face. We
will proceed by induction on the number of vertices. If G is a cycle, then G folds to C2k and
we are done.
Therefore let y ∈ V (C) such that deg(y) ≥ 3. We claim we can find a sequence of folds
taking G to a planar graph with fewer vertices, while remaining 2-connected, having two ≥ 2k-
faces, and having no f -separating C2i-cycle for i ∈ {2, . . . , k − 1} (unless G is isomorphic to
a cycle). Notice that C ′ is an f -separating cycle, despite the fact that C ′ is not necessarily a
separating cycle.
Let z be a neighbour of y on C, and a be a neighbour of y not in C, such that all of a, y
and z lie on a face (such a choice of z and a exist). Fold a and z and let G′ be the resulting
graph. As a, y and z lie on a face, G′ is planar. Now we consider two cases.
Case 1: Folding a and z creates no f -separating C2i-cycle for i ∈ {2, . . . , k − 1}.
If a and z are on the boundary of the outerface, then when we fold we reduce the length
of boundary of the outerface by 2. Further, the boundary of the outerface is an f -separating
cycle. Hence |E(C ′)| > 2k. Otherwise at least one of a or z is not on the outerface. In both
cases, the outerface and f remain ≥ 2k-faces. Thus it follows that if G′ is 2-connected, by
induction G′ is not (p, q)-mixing, and hence by Lemma 4.1, G is not (p, q)-mixing.
Thus assume that folding a and z results in a cut vertex v. Observe that v is the vertex
which is created by identifying a and z. By Observation 5.3, if we can prove a single block
is not (p, q)-mixing, then G′ is not (p, q)-mixing. Observe that all vertices in C lie in a single
block B. If B = C, then as C is not (p, q)-mixing, G′ is not (p, q)-mixing. Therefore, without
loss of generality, we may assume that in the planar embedding of B, C is not the facial cycle
of the outerface of B. Observe that if the outerface of B is a ≥ 2k-face, then by induction we
get that B is not (p, q)-mixing, from which it follows that G is not (p, q)-mixing. Otherwise,
the facial boundary of B is a cycle (as B is 2-connected), and if is an f -separating cycle of
length at most 2i for i ∈ {2, . . . , k − 1}, a contradiction.
Case 2: Folding a and z creates an f -separating C2i-cycle for i ∈ {2, . . . , k − 1}.
If this occurs, then the vertices y, a, z are part of an f -separating C2k-cycle D, as G has
no f -separating C2i-cycle for any i ∈ {2, . . . , k − 1}, and folding two vertices can only reduce
the length of a cycle by two. Let Gint and Gext be the interior and exterior of D respectively.
By definition V (C) ⊆ V (Gint).
Let P be the path of length 2k−2 from a to z in D. We now claim that in Gint−{zy}, the
path P ∪ {y} is a shortest (y, z)-path. As G is bipartite, Gint − {zy} is bipartite, and hence
every (y, z)-path has odd length. Therefore it suffices to show that there are no (y, z)-paths
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of length 2i+ 1 for all values of i such that 2i + 1 < 2k − 1. If such a (y, z)-path P ′ existed,
then P ′ ∪ {yz} would be f -separating in G, and its length would be strictly less then 2k, a
contradiction. Therefore, P ∪ {y} is a shortest path. Therefore, by Lemma 5.5, Gint − {zy}
retracts to P ∪ {y}. Therefore, Gint folds to D. Let G
′′ be the resulting graph from G after
folding Gint to D. In G
′′, D is the boundary of a ≥ 2k-face and the outerface is a ≥ 2k-face.
This includes the possibility that G′′ = D is simply a cycle. Now by induction the result
follows. 
Therefore we have the following theorem:
Theorem 5.9. Fix 2 < pq < 4. Let C2k be the minimal non-(p, q)-mixing cycle. Let G be a
2-connected bipartite planar graph with no separating C2i-cycles for i ∈ {2, . . . , k−1}. Then G
is (p, q)-mixing if and only if in every planar embedding of G, there is at most one ≥ 2k-face.
Now we show we can perform reductions to remove small separating cycles.
Lemma 5.10. Fix 2 < pq < 4. Let C2k be the smallest even cycle which is not (p, q)-mixing.
Let G be a planar bipartite graph where C is a separating C2i-cycle, for some i < k. Let G1
denote the interior of C, and G2 denote the exterior. If both G1 and G2 are (p, q)-mixing,
then G is (p, q)-mixing.
Proof. Suppose that G is not (p, q)-mixing. Let f be a Gp,q-colouring where there is a wrapped
cycle D. If D contains vertices from both G1 and G2, then D crosses the separating cycle C
(note, D 6= C since C is (p, q)-mixing). Then we can (repeatedly, if required) apply Lemma 3.4
to obtain a wrapped cycle which lies completely in G1 or G2, and thus either G1 or G2 is not
(p, q)-mixing. 
Now we build towards proving the converse.
Lemma 5.11. Let G be a connected bipartite planar graph. Let C be a facial cycle. Then there
is a planar graph H, where V (C) = V (H), C is a facial cycle in H, and a homomorphism
f : G→ H such that for all v ∈ V (C), f(v) = v.
Proof. Let G be a vertex minimal counterexample to the lemma. Observe that the statement
holds if V (G) = V (C), as the identity map suffices. So we may assume there is a vertex in
V (G) \ V (C). Let C = v0, . . . , v2k−1, v0. Observe that as G is bipartite, every face has size
at least four, and hence for all vertices u there exists a vertex v with d(u, v) = 2, such that
folding u and v preserves planarity.
Claim 5.12. For all vertices u, v ∈ V (G) \ V (C), if d(u, v) = 2, then folding u and v does
not preserve planarity.
Proof. Suppose not and let Guv be the graph obtained by folding u and v. Then we do not
add new chords to C, as both u and v are not in C. Thus by minimality there is a planar
graph H with facial cycle C, and a homomorphism f : Guv → H such that f is the identity
on C. Composing homomorphisms gives a contradiction. 
Claim 5.13. All vertices in G are adjacent to a vertex in C.
Proof. Suppose towards a contradiction that there is a vertex v ∈ V (G) which is not adjacent
to any vertex in C. Then there exists a vertex u ∈ V (G) (necessarily on C), such that
d(v, u) = 2 and that folding u and v preserves planarity. Let Guv be the graph obtained by
folding u and v. As v is not adjacent to a vertex in C, no new chords are added to C. As
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|V (Guv)| < |V (G)|, by minimality, there exists a homomorphism f : Guv → H such that H
is planar, C is a facial cycle of H, V (H) = V (C), and f is the identity on C. Composing
homomorphisms now gives a contradiction. 
Claim 5.14. There are no separating cycles C ′ where C ′ 6= C.
Proof. Suppose not and let C ′ be a separating cycle distinct from C. Let G′ be subgraph of
G consisting of a component of G−C ′ together with C ′. Since C ′ is separating we can choose
G′ to be disjoint from C aside from possibly C sharing some vertices of C ′. By minimality,
there exists a homomorphism f from G′ to a planar graph H ′ so that H ′ has facial cycle C ′,
V (H ′) = V (C ′), and f is the identity on C ′. But now the resulting graph is smaller than G,
and we can apply minimality again to find our desired homomorphism for C. 
Claim 5.15. There does not exist a set of three vertices x, y, z ∈ V (G) \ V (C) such that
G[{x, y, z}] induces a path of length 2.
Proof. Suppose so. Without loss of generality let xy, yz ∈ E(G), but xz 6∈ E(G). Now by
Claim 5.12 we can assume that folding x and z does not preserve planarity. Then it follows
that there is a separating cycle C ′ which separates x from z. But this contradicts Claim
5.14. 
Claim 5.16. There do not exist two adjacent vertices in V (G) \ V (C).
Proof. Suppose not and let u and v be adjacent vertices in V (G) \ V (C). Let u′ and v′ be
vertices in V (C) such that uu′ ∈ E(G) and vv′ ∈ E(G). Note u′ 6= v′ as G is bipartite. Let P
be a path from u′ to v′ in C, and consider the cycle C ′ formed by P , u and v. We claim we
can find a cycle C ′′ where V (C ′′) ⊆ V (C ′) such that C ′′ is a facial cycle. If u′v′ ∈ E(G), then
C ′′ is the cycle u, v, v′, u′′. Otherwise, without loss of generality we assume that C lies in the
exterior of C ′. Thus if there is a vertex not in C ′ in the interior of C ′, then C ′ separates that
vertex from vertices in V (C) \V (C ′). This contradicts Claim 5.14. If C ′ contains a chord xy,
where x, y ∈ V (P ), then the path P ′ from x to y which is not contained in P with the chord
xy is a separating cycle, contradicting Claim 5.14. If C ′ contains a chord ux, then let P ′′ be
the path from x to v′ on P , and consider the cycle C ′′ consisting of P ′′, u and v (repeating this
argument, we may assume C ′ has no chord ux, and by symmetry no chord vx). Therefore, it
follows that we can find the desired cycle C ′′. Now fold v to a vertex distance two away on
C ′′. Then C is still a facial cycle, and we obtain our desired homomorphism by minimality
and composing homomorphisms. 
Claim 5.17. There is at most one vertex in V (G) \ V (C).
Proof. Suppose not, and let x and z be a vertices in V (G) \V (C). We can assume that x has
degree at least 2, otherwise we fold arbitrarily. Let y1 and y2 be two vertices in C adjacent
to x. By a similar argument as in Claim 5.16, without loss of generality we may assume that
x plus one of the paths from y1 to y2 form a facial cycle.
As G is bipartite, y1y2 6∈ E(G), and hence C−{y1, y2} has two components say C1 and C2.
Each component Ci with y1, x, y2 forms a cycle. Now without loss of generality C1∪{y1, x, y2}
separates z from C2 contrary to Claim 5.14. 
To finish the proof of Lemma 5.11, observe our graph is C ∪ {x} for some vertex x. We
may fold x with any vertex distance 2 from x. This preserves planarity and after folding C
remains a facial cycle. The result follows by minimality. 
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Corollary 5.18. Fix 2 < pq < 4. Let C2k be the smallest even cycle which is not (p, q)-mixing.
Let G be a 2-connected bipartite planar graph and C be a separating C2i-cycle, for some i < k.
Let Gint and Gext be the interior and exterior of C respectively. Suppose that both Gint and
Gext contain no separating C2i cycles for any i < k. If either Gint or Gext is not (p, q)-mixing,
then G is not (p, q)-mixing.
Proof. Without loss of generality, suppose that Gint is not (p, q)-mixing. Then by Theo-
rem 5.9, Gint contains at least two ≥ 2k faces. Now apply Lemma 5.11 to Gext and C. The
effect to Gint is to add chords to C outside the face which C bounds in Gint. This only
reduces the length of a face which was not a ≥ 2k-face, and hence the resulting graph is still
not (p, q)-mixing by Theorem 5.9. Thus it follows that G is not (p, q)-mixing. 
Note that if C is a separating cycle, by possibly changing the planar embedding, we may
assume both Gext and Gint contain a vertex not in C. Hence when we apply the above
corollary, we restrict to a strictly smaller instance. Observe that if one of Gext or Gint
contained a small separating cycle in Corollary 5.18, we could simply restrict our attention
to Gext or Gint and apply the argument again for this smaller graph.
Now it follows from the above sequence of claims that there is a polynomial time algorithm
for determining if a bipartite planar graph is (p, q)-mixing for all 2 < pq < 4. To see this, one
first finds a planar embedding. Secondly, find all two connected blocks of the graph. Thirdly,
enumerate all separating cycles which are smaller than the minimal non-(p, q)-mixing even
cycle, and reduce to the case where there are no small separating cycles. Lastly, check if the
resulting graphs are (p, q)-mixing. As pq is fixed, each of these steps can be done in polynomial
time (with the running time depending on p and q). To obtain a precise running time, one
can do analysis similar to that in [7].
References
[1] M. Bonamy, P. Ouvrard, M. Rabie, J. Suomela, and J. Uitto. Distributed recoloring.
CoRR, abs/1802.06742, 2018.
[2] P. Bonsma and L. Cereceda. Finding paths between graph colourings: PSPACE-
completeness and superpolynomial distances. Theoret. Comput. Sci., 410(50):5215–5226,
2009.
[3] R. C. Brewster, J.B. Lee, B. Moore, J. A. Noel, and M. Siggers. Graph homomorphism
reconfiguration and frozen H-colorings. Journal of Graph Theory, 94(3):398–420, 2020.
[4] R. C. Brewster, J.B. Lee, and M. Siggers. Recolouring reflexive digraphs. Discrete
Mathematics, 341(6):1708 – 1721, 2018.
[5] R. C. Brewster, S. McGuinness, B. Moore, and J. A. Noel. A dichotomy theorem for
circular colouring reconfiguration. Theoret. Comput. Sci., 639:1–13, 2016.
[6] R. C. Brewster and J. A. Noel. Mixing homomorphisms, recolorings, and extending
circular precolorings. J. Graph Theory, 80(3):173–198, 2015.
[7] L. Cereceda. Mixing graph colourings. PhD thesis, London School of Economics and
Political Science, 2007.
[8] L. Cereceda, J. van den Heuvel, and M. Johnson. Mixing 3-colourings in bipartite graphs.
European J. Combin., 30(7):1593–1606, 2009.
[9] L. Cereceda, J. van den Heuvel, and M. Johnson. Finding paths between 3-colorings. J.
Graph Theory, 67(1):69–82, 2011.
18 BREWSTER AND MOORE
[10] C. R. Cook and A. B. Evans. Graph folding. In Proc. 10th Southeastern Conference on
Combinatorics, Graph Theory and Computing, vol. XXIII- XXIV of Congress. Numer.,
pp. 305-314. Utilitas Math., 1979.
[11] P. Dukes, H. Emerson, and G. MacGillivray. Undecidable generalized colouring problems.
J. Combin. Math. Combin. Comput., 26:97–112, 1998.
[12] Z. Dvok and C. Feghali. A Thomassen-type method for planar graph recoloring, 2020.
[13] C. Godsil and G. Royle. Algebraic Graph Theory. Springer, 2001.
[14] G. Hahn and C. Tardif. Graph homomorphisms: structure and symmetry, pages 107–166.
Springer Netherlands, Dordrecht, 1997.
[15] T. Hatanaka, T. Ito, and X. Zhou. The coloring reconfiguration problem on specific
graph classes. In Combinatorial Optimization and Applications, pages 152–162, Cham,
2017. Springer International Publishing.
[16] T. Ito, E. D. Demaine, N. J. A. Harvey, C. H. Papadimitriou, M. Sideri, R. Uehara,
and Y. Uno. On the complexity of reconfiguration problems. Theoret. Comput. Sci.,
412(12-14):1054–1065, 2011.
[17] J. B. Lee, J. A. Noel, and M. Siggers. Reconfiguring graph homomorphisms on the
sphere. Eur. J. Comb., 86:103086, 2020.
[18] N. Nishimura. Introduction to reconfiguration. Algorithms, 11(4), 2018.
[19] J. van den Heuvel. The complexity of change. In Surveys in combinatorics 2013, volume
409 of London Math. Soc. Lecture Note Ser., pages 127–160. Cambridge Univ. Press,
Cambridge, 2013.
[20] N. Vikas. Computational complexity of compaction to irreflexive cycles. J. Comput.
Syst. Sci, 68(3):473– 496, 2004.
[21] M. Wrochna. Homomorphism reconfiguration via homotopy. In 32nd International Sym-
posium on Theoretical Aspects of Computer Science, volume 30 of LIPIcs. Leibniz Int.
Proc. Inform., pages 730–742. Schloss Dagstuhl. Leibniz-Zent. Inform., Wadern, 2015.
[22] M. Wrochna. Reconfiguration in bounded bandwidth and tree-depth. Journal of Com-
puter and System Sciences, 93:1 – 10, 2018.
[23] X. Zhu. Circular colouring and graph homomorphism. Bulletin of the Australian Math-
ematical Society, 59(1):8397, 1999.
[24] X. Zhu. Circular chromatic number: a survey. Discrete Math., 229(1-3):371–410, 2001.
Combinatorics, graph theory, algorithms and applications.
